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Introduction

Successive transmission of discrete data messages is known as digital
communication.

Binary logic familiar to most electrical engineers transmits some positive
voltage level for a 1 and another voltage level for a 0 inside integrated
circuits. Clearly such 1/0 transmission would not pass through a linear
time-invariant channel(that has the Fourier transform indicated).
Instead the two modulated signals x0(t)=+cos(21rt) and

x1(t)=—cos(21t) (Binary Phase-Shift Keying) will easily pass through
this channel and be readily distinguishable at the channel output.

For the antenna example, a real waveform at the input in the
appropriate frequency band is converted by the input antenna into
electromagnetic radiation, part of which is received at the receiving
antenna and converted back to a waveform.
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 The function of a channel encoder, i.e., a modulator, is to convert the
incoming sequence of binary digits into a waveform in such a way that
the noise corrupted waveform at the receiver can, with high probability,
be converted back into the original binary digits.

« This is typically done by first converting the binary sequence into a
sequence of analog signals, which are then converted to a waveform.

« Waveforms denoted as arbitrarily varying real or complex valued
functions of time.

* An individual waveform from an analog source should be viewed as a
sample waveform from a random process. These waveforms are a
priori unknown, so much mathematical precision is necessary here.

« Here the focus is on ways to map deterministic waveforms to
sequences and vice versa.
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Finite energy waveforms
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The energy in a real or complex waveform u(t) is defined to be [ |u(t)|*dt.

The energy used over any finite interval T’ is limited both by regulatory agencies and by physical
constraints on transmitters and antennas.

Finite-energy waveforms have measurability properties, These finite-energy measurable functions are
called L? functions. When time-constrained, they always have Fourier series, and without a time
constraint, they always have Fourier transforms.

Perhaps the most important property, however, is that L? functions can be treated essentially as
conventional vectors.

A major reason for restricting attention to finite-energy waveforms is that as their energy gets used up in
different degrees of freedom (i.e., expansion coefficients), there is less energy available for other
degrees of freedom, so that some sort of convergence must result.

Unit impulses and constant functions are not physical waveforms, they are useful models of physical
waveforms where energy is not important. However, that such waveforms can safely be limited to the
finite-energy class.
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Lebesgue Integration and L2 functions

Every piecewise continuous function is Riemann integrable. Lebesgue integral
can handle a very large class of functions, including all the Riemann integrable
functions, but also even very discontinuous functions. In fact, it's safe to say
that it can integrate any function that one actually needs in mathematics in real-
life applications.

The passage from Riemann’s theory of integration to that of Lebesque is a
process of completion. It is of the same fundamental importance in analysis as
is the construction of the real number system from the rationals.

Whenever the Riemann integral exists (i.e., the limit exists), the Lebesgue
integral also exists and has the same value. The familiar rules for calculating
Riemann integrals also apply for Lebesgue integrals.

For some very weird functions, the Lebesgue integral exists, but the Riemann
integral does not. There are also exceptionally weird functions for which not
even the Lebesgue integral exists.
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I have to pay a certain sum, which I have collected in my pocket. I take the bills and coin
s out of my pocket and give them to the creditor in the order I find them until I have reac
hed the total sum. This is the Riemann integral. But I can proceed differently. After I hav
e taken all the money out of my pocket I order the bills and coins according to identical v
alues and then I pay the several heaps one after the other to the creditor. This is my inte

gral.
Lebesgue summarized his approach to integration in a letter to Paul Montel
™ g
| BN o 11111
us p
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1= /2 Y dt =10 uifio & T/zu(f ydt =~ > mé pim
(a): Riemann (b): Lebesgue
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L? Functions over [—T/2,T/2]
L! functions

A function {u(t) : [-T/2,T/2] — C} is said to be L', or in the class L!, if u(t) is measurable and the
Lebesgue integral of |u(t)] is finite.
L! functions are sometimes called integrable functions.

L? functions

A function {u(t) : [-T/2,T/2] — R} or {u(t) : [-T/2,T/2] — C} is said to be an L? function, or a
finite-energy function, if u(t) is measurable and the Lebesgue integral of |u(t)|* is finite.
If {u(t) : [-T/2,T/2] — C}is L?, theniitis also L!.

C Lo functions [-7/2,T/2] — C )
\ L, functions [-7/2,T/2] — C

Measurable functions [-77/2,7/2] — C /
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Linear Time-Invariant System

IrOfz(t)} = y(t),
Linearity{ Additivity and Homogeneity) :

O{aizi(t) + asza(t)} = a10{z1 ()} + aaO0{za(t)} = ary1 (t) + asya(t)
Time-invariance :

O{z(t —7)} = O{y(t —7)}
Eigenfunctions

If the output signal O{x(t)} is a scalar A multiple of the input signal z(t), we refer to the signal as an eigenfunction and the
multiplier as the eigenvalue.

Ofz(t)} = Ax(t)
If 2() = e and h(t) is the impulse response of LTI then O{e™ } = (hx z)(t) = €* [ h(r)e *Tdr = H(s)e™.

Furthermore, the eigenvalue associated with e is H(s).

Why play a fundamental role

= Many communication channels possess LTI property.

= We hope the channels can be approximated as LTI or extended from LTI in a range of applications.

Public
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More explanation about the sencond item:

« Unit-sample response h[n] or unit-impulse response h(t) is a complete description of an LTI system.

« Many systems are naturally described by their frequency response; LTI systems can be characterized
by responses to eternal sinusoids; frequency response is easy to calculate from the system function.

» Sinusoidal and complex exponential signals are used to describe the characteristics of many physical
processes, in particular physical systems in which energy is conserved. Periodic complex exponentials
serve as extremely useful building blocks for many other signals(harmonic). If the input to an LTI system
Is expressed as a linear combination of periodic complex exponentials or sinusoids, the output can also
be expressed in this form, with coefficients that are related in a straightforward way to those of the input.

« For many physical channels, they introduce distortions in their passbands, such a channel can be
modeled by an LTI filter followed by AWGN noise, the approach to remove |SI(inter-symbol interference)
Is usually known as equalization.

» Linear operations preserve Gaussianity.

» Alarge class of interesting functions(Lz) could be represented by linear combinations of complex
exponentials(Fourier Theorem).
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Fourier series

Given in most engineering texts
The Fourier series for function {u(t) : [-T'/2,T/2] — C} is given by

m -
Y dtge™ W TS g D
u[t] =l SR
0 elsewhere
Electrical engineers formerly reserved the symbol ¢ for electrical current and thus often use j to denote /—1. The Fourier series of a
time-limited function maps function to a sequence of complex coefficients ;. satisfy

(1)

.1 T .
Uy = ?/ u(t)e 2 ®iTdt, oo < k< oo

T/2

For any integer n, the functions cos(2mnz), sin(2mnx), e2™inz gre gj| Z-periodic(1-periodic). So in some math book the u;, often
denoted as:

1
U = [ u(t)e 2™ dt, oo < k < 00
0

tieto
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u(t} can be expressed as a linear combination of truncated complex sinusoids by the standard rectangular function as follows:

u(t) = Z ukez“‘kwrect (t/T) = E b (t
k=—oa ke(Z)

where

L J1 —1f2 <L) _ 2wikt/T
rect(t) = {l] elsewhere , and@i(t) =e rect(t/T)

Fourier series energy equation
20

- 2 T Imikt (T = Omift/T
u(t dt:f Ure™ e T gt
[ roran=[ 3w Y

k=—00 f=—00

=y Z s / Ny 2WE-D/T gy
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Complex Exponentials
A complex-valued function of the real variable 2 may be written as u(z) + 4v(z)(u.v real valued), its

derivative and integral with respect to x are defined to be

i(u—l—iv):d—u—l—i@ and /(quz'U)d:r:/uda:—l—i/udm

dz der dz’

From this it follows easily that
i (8(a+ib)x) — (a 4 ib)e(a-i—ib)a: and /8(a+ib}a‘:d$ _ 1 e(a+ib)a:
dx ’ a -+ 1ib

The truncated complex sinusoids are orthogonal for k # m € Z

o0 T/2 T ; o
[ owawan = [ e T emiemur [ 2B
. _T/2 27i(k —m) —T/2 w(k —m)

tieto
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Fourier Theorem

More precision and interpretation
Let {u(t) : [-T/2,T/2] — C} be an L? function. Then for each k € Z, the Lebesgue integral

Up = — u(t)e 2 ITdt 0o < k< o0
T J 10

exists and satisfies x| < % [ |u(t)|dt < oo. Furthermore,

T/2 £ : 2

lim TOEDY ﬂkezﬂ“"‘tﬂ"‘ dt=0

£—o0 _T/2 Tt
where the limit is monotonic in £. Also, the Fourier energy equation (3) is satisfied.
Conversely, if {uy; k € Z} is a two-sided sequence of complex numbers satisfying Zzi_m |ﬁk{2 < 00, then an L? function
{u(t) : [-T/2,T/2] — C} exists such that (3) and (4) are satisfied.
There is an important theorem due to Carleson, stating that if u(t) is L2, then Y, uxe? /T rect(t /T')converges almost
everywhere(convergence with probability 1) on [—-T'/2,T/2].
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L? converge
A series is defined to converge in L? if (4) holds. The notation [. i. m. (limit in mean-square)is used to denote

L? convergence, so (4) is often abbreviated by
u(t) =1.i.m. Zﬁkezﬂkt/Trect(t/T)
k

The following example illustrate there is isolated discontinuity at £ = —1/2, 0, 1/2, the middle figure depicts
a partial expansion with k = -1,0,1. :
L ] L]
| g\v/l/\,l [
R L

t) = rect(2t — %) 3 + 2sin(2xt) Y R o UkeZ Ftrect(t)

—

v

tieto
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Fourier Transform and L2 Waveforms

The Fourier transform and its inverse are defined by

itn - [ T ut)e T u(t) = / " a(f)enfag

oo —a

The first integral exists for all f, second exists for all ¢.
If we use w = 27 f, these integral become

t(w) = / u(t)e “dt u(t) = — / (w)e™ dw
— 0o mTJ oo

Some book denote as 4(jw), that's in the view of systems, for set s = jw then Laplace transform becomes

Fourier transform; also frequency response lives on the jw axis of the Laplace transform.

The Fourier transform maps a function of time {u(t) : R — C'} into a function of frequency

{a(f) : R — C'}. The Fourier transform does not exist for all functions, and when the Fourier
transform does exist, there is not necessarily an inverse Fourier transform. L? functions always have
Fourier transforms, but only in the sense of I equivalence.

18 ©Tieto Corporation tieto



A Few Standard Fourier Transform Pair

Two useful special cases of any Fourier transform pair are:

o0

u(0) = [ :ﬂ(f]df (0) = f u(t)dt

— (00

Parseval's theorem:

[ utow@ae= [ ani s

OO

Energy equation(replacing v(¢) by u(¢)):

[ wtora= [ laias

lu(f) |? is called the spectral density of u(t).

Public
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du(t)/dt
f u(t)o(t — 1) dr

— 0

foc u(r)v* (T — t)dr

—00

sin(mt)

sinc(t) =

i E b £ E L 3

1

1

ai(f) + bi(f)
ar(f)

u(—f)
e—2frifr,&(f)
u(f — fo)
Ta(fT)
2mifa(f)

a(f)e(f)

linearity

conjugation
time/frequency duality
time shift

frequency shift

scaling (for T > 0)

differentiation

convolution

correlation

1 for |f]<1/2
mt(f)_{o for |f| >1/2

e~ f*
1

a+ 2mif
2a

a2 + (2mif )2

fora > 0

fora >0
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Fourier transforms of L! functions

L' functions always have well-defined Fourier transforms, but the inverse transform does not always have
very nice properties.

Let {u(t) : R — C} be L. Then 4(f) = ffom u(t)e 2™t dt both exists and satisfies |u(f)| < [ |u(t)|dt
for each f € R. Furthermore, {u(f) : R — C} is a continuous function of f.

Not enough functions are L! to provide suitable models for communication systems. For example, sz'nc(t) IS
not LL1.

Also, functions with discontinuities cannot be Fourier transforms of L' functions.

Finally, L' functions might have infinite energy. L? functions turn out to be the “right” class.

Fourier transforms of L? functions

For any L? function {u(t) : R — C} and any positive number A, define i 4 (f) as the Fourier transform of
the truncation of u(t) to [— A, 4],

'&A(f):/_ u(t)e 2t dt

21  ©Tieto Corporation tieto
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Plancherel part 1
For any L? function {u(t) : R — C}, an L? function {(f) : R — C} exists satisfying both
o0

lim [ |a(f) - @a(f)Pdf =0

A—=oo |

and the energy function.

For any L? function {@(f) : R — C} and any positive number B, define the inverse transform

B

un(®) = [ (et

Plancherel part 2

For any L? function {u(t) : R — C}, let {&(f) : R — C} be the Fourier transform of Plancherel part 1. Then
o

lim [u(t) — up(t)Pdt =0

B g

All L2 functions have Fourier transforms in the sense of limit in mean-sguare equivalent (L2 equivalent).

A B
i(f) =1im. _Au(f,)e—mﬁdt; u(t) =Lim. j: Bﬁ(f)eﬂﬂﬁdf

All the Fourier transform relations in the above picture except differentiation hold for all L? functions.

22 ©Tieto Corporation tieto
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The DTFT and the Sampling Theorem

The discrete-time Fourier transform (DTFT) is the time/frequency dual of the Fourier series. In the
sense of 2 convergence, Fourier series uses the sequence of coefficients to represent the function,

DTFT uses the frequency function to represent the sequence. DTFT is similar to modulation from
discrete to waveform.

Familiar DTFT expression

z[n| = % f% X(Q)e’nd) = % £ X(e™™)e™ " dw (synthesis)
X(2) = X(") =) zhle *™ =) znleF™ (analysis)

23 ©Tieto Corporation tieto
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DTFT
Assume {t(f) : [-W,W] — C} is L? (and thus also L'). The DTFT of &(f) over [~ W, W] is then defined by

u(f) =Lim. Z ure 2K CW) poct( f12W)
3

where the DTFT coefficients {uy; k € Z} are given by

I T PP
w= g [ ilhe f &

We also write this as
(2)

i(f) = Li.m. > wdy(f)
k

where,
b1 (f) = e /M pect(£/2W)

tieto
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DTFT theorem
Let {it(f) : [-W,W] — C} be an L? Then for each k € Z, the Lebesgue integral (1) exists and satisfies

lug| < % J|a(f)|df < oo. Furthermore,

1% [
im u(f) — upe 2kf/@W) 2qf —
i [ 1)~ 3 w 2df =0 3)
w ' !
[ [)ldf =2 fuef (4)
> [—W,Hf] — tIJ}

Finally, if {uz; ke € Z} is a sequence of complex numbers satisfying > ;. juk|2 < 00, then an L2 function {#(f)

exists satisfying (3) and (4).

tieto
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The sampling theorem
u( f) for an L2 baseband waveform is both L' and L2 Thus, at every ¢

W
ue) = [ icperntag

and u(t) is continuous. Since the transform pair

i} o 2Ws£nc[2Wt} (scaling relation)

rect( o\

the inverse transform of q';k{ f)is

i (£) = 2W sinc(2Wt — k) « ¢, (f) = e 2/ W) pect( £ /2W) (time-shift relation)

Then
u(t) =) uri(t) = Y 2Wusinc(2Wt — k) = i u(le/2W)sinc(2Wt — k) (5)
k k S

tieto
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Sampling theorem
Let {i(f) : [-W, W] — C} be L? (and thus also L1). For u(t) in (5), let T = 1/(2W)_Then u(t) is continuous, L?, and
bounded by u(t) < f_‘;, |u(f)|df. Also, forall t € R,
00
ut) = 3 u(kT)sine(* T

—O0

)

This says that a baseband-limited function is specified by its samples intervals T = 1/(2W).
The sinc function is nonzero over all noninteger times. Recreating the waveform at the receiver from a set of samples thus requires

infinite delay{band-limited functions are not time-limited).
Practically sinc functions can be truncated, but the sinc waveform decays to zero as ljt,_ which is impractically slow.

Baseband-limited

An L2 function is baseband-limited to W if it is the pointwise inverse transform of an L2 function w( f) thatis 0 for [ f| > W
Equivalently, it is baseband-limited to W if it is continuous and its Fourier transform is 0 for |f| = 0.
There are other bandlimited functions, limited to [—W, W] which are not continuous. The sampliing theorem does not hold for these

functions.
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a(f) = S upe 2 R AW rect (o)
up = sy S a(f)e2mikatr gy

Ny Yy
(Fﬂurier DTET |
. series | T/F dual ' J

WO =T m ekt | Fourer
iy = 4 fﬁgu(t}e-%ﬁﬁ” dt |/’—' \|
Sampling
W__ 4

u(t) =372 2Wugsinc(2Wt — k)

g = 2%1"“(2%?)
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The sampling theorem for [A — W A 4 W]
Consider an L? frequency function {0(f) : [A — W, A + W] — C} The shifted DTFT for 0(f) is then

o(f) =1.i.m. Z vke—Zﬂkﬂfﬂmrect(fz_—Wﬁ) = mz ‘Ukék (f)
k k

where
1 A+W

.Y S( £)e2mikf/(2W)

The inverse Fourier transform of ék (_f) can be calculated by shifting and scaling to be
; WmiA(t—==) .. P —2mik f/(2W) f-A
O (t) = 2Wsinc(2Wt — k)e w! ++ 0p(f)=e rect(—w)

This generalizes the sampling equation to the frequency band [A — W, A + W] let T = 1/2W,

v(t) = z v (t) = Z U[%}sinc(ﬁﬁ’t = k]ezm*ﬁ{f—%? = Z U(;ﬁT)SmC[% _ k) 2mAE-HT)
k k T

tieto
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Aliasing and Degrees of Freedom

An important rule of thumb used by communication engineers is that the class of real functions that
are approximately baseband-limited to Wy and approximately time-limited to [T} /2, Ty /2] have
about 27 W), real degrees of freedom if Ty W, >> 1. This means that any function within that

class can be specified approximately by specifying about 275 W), real numbers as coefficients in an
orthogonal expansion.

Degrees of freedom

Degrees of freedom is somewhat difficult to state precisely, since time-limited functions cannot be frequency-limited and vice-versa.

Applying the sampling theorem, real (complex) functions u(t} strictly baseband-limited to Wy are specified by its real (complex)
samples at rate 2Wy_ If the samples are nonzero only within the interval [Ty /2, Tp /2], then there are about 27 Wy nonzero
samples, and these specify u(t} within this class. Here a precise class of functions have been specified, but functions that are zero
outside of an interval have been replaced with functions whose samples are zero outside of the interval.

Consider a large time interval Ty and a baseband limited band Wy. There are T0/T segments of duration T and Wy /2W = WyT
positive frequency segments. Counting negative frequencies also, there are 2Ty W) time/frequency blocks and 2Ty Wy coefficients.

If one ignores coefficients outside of T0, W0, then the function is specified by 275 Wy complex numbers.
For real functions, it is Th Wy complex numbers.
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T-spaced sinc-weighted sinusoid expansion

Let u(t) < 1t(f) be an arbitrary L? transform pair, and segment @(f) into intervals of width 2W
T " - o f
a(f) =Li.m. ij om(f);  Dm(f) = Wfrect(z3; —m)

Un( f) is non-zero over [2Wm — W, 2Wm + W], so from the sampling theorem for [A — W, A + W],

U (t) = Z Um(kT)Siﬂc(% - .543}82"“];"”f T)(t—kT) — Z v,n{kT}sinc(% — k}eﬂm"“f’ T
E 2

Combining all of these frequency segments,

u(t) =Lim. > vm(t) =Lim. > v (KT)Yma(t)
m m.k

The doubly indexed set of orthogonal functions are the time and frequency shifts of the basic function 9g0(t) = sinc(t/T'). The
time shifts are in multiples of T and the frequency shifts are in multiples of 1/T".

2rimt/T.

Yon (8) = sin.c{% ~B e

tieto
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T-spaced truncated sinusoid expansion

Suppose that an L? waveform {u(t) : R — C} is segmented into segments w,,,(t) of duration T'. Expressing w(¢) as the sum of
these segments

u(t) =Lim.y um(t); um(t) = “(t}red(% — i)

For a function {v(t) : [A —T/2, A + T'/2] — C} centered around some arbitrary time A, the shifted Fourier series over that

interval is
; t—A
t)=Lim. - .ZMH{'T 7 o
u(t) zmzk:vke rect( T )
. 1 AT )
U = — v(t)e T ITdt o0 < k< 00
T Ja-1p2

Expanding each segment um(t} by the shifted Fourier series
& : t
Um(t) = Li.m. Z uk,meﬂ"ﬂ'wrect(? —m)
k

- 1 i —2mikt /T W —2mikt/T t
Uk == Uy (t)e dt = — u(t)e rect(— —m)dt
T Jmr—1/2 T ) x T
This expands u(t) as a weighted sum of doubly indexed functions

u(t) =1. zmz U mBmp(t), where
mk

Rl = eﬂﬂk*fTrect(% _m)

Public

32

© Tieto Corporation

tieto



rublic

ALIASING

The samples from different frequency slices get summed together in the samples of u.(t). This phenomenon is called aliasing.

A time domain approach
Suppose we approximate a function u(t) that is not quite baseband limited by the sampling expansion .-ar(t} ~ u(t).

s(t) =Y u[kT)sinc[% k)
k

u(t) =1l.i.m. Z Y (kT)sinc(% — k)e?mimt/T
m.k

s(kT) = u(kT) = > v, (kT)(Aliasing)

s(t) = Z:.: ¥ Um(kT)sinc[% k)

u(t) — s(t) =Y Y vy (T[T — l]sinc{% — k)

mm?i-ﬂ
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A frequency domain approach

s[t) can be separated into the contribution from each frequency band as

58) =Y (), () = Zk: vm[kT)sinc(% _k)

Comparing 8, () to v, (t), it is seen that

Um () = 8m(t)e™™ T 3

() = n(F + 72)

Since Um(f) = u(f)rect(fT —m), one sees that v, (f + F) = u(f + F)rect(fT) Thus,

§(f) =Y alf+ 7 rect|fT]

m

Public

Each frequency slice ﬁm{f) Is shifted down to baseband in this equation, and then all these shifted frequency slices are summed

together.
Ly () |1 3 -1 1
ET/\ZT 2T 2T 2T
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Aliasing theorem

Let @( f) be L2, and let u( f) satisfy the condition

lim a(f)f|"

|fl—oc

Then u(f) is L', and the inverse Fourier transform u(t) = [4(f)e*™f*df converges pointwise to a continuous bounded function.
For any given T' > 0, the sampling approximation » _,. u(kT]sinc(% — k) converges pointwise to a continuous bounded L2
function s(t). The Fourier transform of s(t) satisfies

i(f) = l.i.m.;'&(f+ = rect{fT]

The condition that lim %( f) 17 = 0 implies that @(f) goes to 0 with increasing f at a faster rate than 1/ 1.

Without the mathematical convergence details, what the aliasing theorem says is that, corresponding to a Fourier transform pair
u(t) ¢+ w(f), there is another Fourier transform pair s(t) and 8 (f); s(t) is a baseband sampling expansion using the T-spaced
samples of u(t) and & (f) is the result of folding the transform @( f) into the band [—W, W] with W = 1/(2T).
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Vector space

Linear algebra is the study of linear maps on finite-dimensional vector spaces.
Use of vectors to represent a countably infinite sequence is a small conceptual
extension. Viewing waveforms as vectors is a larger conceptual extension. We
have to view vectors as abstract objects rather than as n-tuples. Orthogonal
expansions are best viewed in vector space terms. L2 waveforms can be viewed
as vectors in the inner product space, such inner product space known as signal

space.

A vector space V is a set of elements, v € V, called vectors, along with a set of
rules for operating on both these vectors and a set of ancillary elements called

scalars.
A vector space with real scalars is called a real vector space, and one with complex

scalars is called a complex vector space.
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Axioms of vector space
Addition &
Foreach¥ € Vand i € V, there is a vector v + u € V called the sum of ¥ and u satisfying:
« Commutativity: v+ =4+ 0
« Associativity: U+ (4 + W) = (0 + 1) + 0, foreach 0,4, w € V.
« Zero: there is a unique vector 0 € Vsuchthat v + 0 = vforallv € V.
« Negation: for each ¥ € V, there is a unigue vector —v such that v+ (—7) = 0.

Scalar multiplication
For each scalar ex and each v € V there is a unique vector av € V called the scalar product of a and ¥ satisfying:

« Scalar associativity: a(Bv) = (af8)v for all scalars e, 5, and all v € V.
« Unit multiplication: for the unit scalar 1, 10 = vforall v € V.

Distributive laws

« Forallscalarsaandallv,i e V, a(i + 1) = a
« Forall scalars o, Sandall v € V, (a + 8)v = av + fv.
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Finite-dimensional vector spaces

The set of finite-energy complex waveforms can be viewed as a complex vector space. For space L? of finite
energy complex functions, we can define % + o as function w where w(t) = u(t) + v(t) for each t. Define
aw as vector u for which u(t) = av(t).

» Span: A set of vectors ﬁ, ;2}, wwiery 17._,;‘ € Vspans V (and is called a spanning set of V) if every vector

— . : N = = —
v € Vis a linear combination of vy, vy, ..., U,,.

« Finite-dimensional: A vector space V is finite-dimensional if a finite set of vectors vy, v5, .. ., v, exist
that span V.

» Linearly dependent: A set of vectors vy, v,,. .., v, € Vis linearly dependent if Z;Ll a;v; for some
set of scalars not all equal to 0. This implies that each vector ﬁ} for which a, # 0 is a linear
combination of the others.

» Basis: A set of vectors ;1}, Q, s ,a € Vis defined to be a basis for V if the set both spans V and is
linearly independent. The dimension of a finite-dimensional vector space is defined as the number of
vectors in a basis.
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Inner product spaces

Vector space definition lacks distance and angles. Inner product adds these features. The inner product of ¥ and % is denoted {ﬁ,ﬁ}.

Axioms of inner product space
« Hermitian symmetry: (v, u) = (u, v)*
« Hermitian bilinearity: (a@ + Bu, W) = a{t, w) + (U, w), (v, ati + pw) = a* (v,u) + B (v, w)
= Strict positivity:
(¥,7) > 0, equality iff 7 =0 (*)

For C", we usually define (7,%) = 3_; v;u;.

If €1,€3,...,&,are unit vectors in C", then (1,€;) = v;, (€;,7) = v}

|15/ = (¥, ) is squared norm of 3. ||7|| is length of T.

v and u are are orthogonal if (¢, &) = 0. More generally ¥ can be broken into a part ¥, that is orthogonal to @ and another part
collinear v with .
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One-dimensional projection theorem

Let ¥ and 4 be arbitrary vectors with @ = 0in a real or complex inner product space. Then there is a unique scalar « for which

(¥ — aii, i) = 0. That ar is given by a = (¥, %) /||1i]|%

-3 — ﬁ lﬁ'

==
@]l

— — —

v U u

RO

L _ @)
Iz — —
1

cos(£(,7)) = (

Pythagorean theorem: If 7 and 1 are orthogonal, then |7 + %> = ||7]| + [||®
Schwarz inequality: Let 7 and % be vectors in a real or complex inner product space, then |(U, u)| < ||||||i]|.

The inner product space of L? functions
L2 becomes an inner product space if we define the inner product of L2 as

(3, 1) = /_ " ot)u (t)dt

o0

Strict positivity axiom (*) does not hold for finite-energy waveforms, so we must define equality as 12 equivalence.
The vectors in this space are equivalence classes. Alternatively, view a vector as a set of coefficients in an orthogonal expansion.
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Finite-dimensional vector spaces

The set of finite-energy complex waveforms can be viewed as a complex vector space. For space L? of finite
energy complex functions, we can define % + o as function w where w(t) = u(t) + v(t) for each t. Define
aw as vector u for which u(t) = av(t).

» Span: A set of vectors ﬁ, ;2}, wwiery 17._,;‘ € Vspans V (and is called a spanning set of V) if every vector

— . : N = = —
v € Vis a linear combination of vy, vy, ..., U,,.

« Finite-dimensional: A vector space V is finite-dimensional if a finite set of vectors vy, v5, .. ., v, exist
that span V.

» Linearly dependent: A set of vectors vy, v,,. .., v, € Vis linearly dependent if Z;Ll a;v; for some
set of scalars not all equal to 0. This implies that each vector ﬁ} for which a, # 0 is a linear
combination of the others.

» Basis: A set of vectors ;1}, Q, s ,a € Vis defined to be a basis for V if the set both spans V and is
linearly independent. The dimension of a finite-dimensional vector space is defined as the number of
vectors in a basis.
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Orthonormal Bases and the Projection Theorem

The use of orthonormal bases simplifies almost everything concerning inner product spaces, and for
infinite-dimensional expansions, orthonormal bases are even more useful. Gram-Schmidt procedure
starting from an arbitrary basis s, ..., s, for an n-dimensional inner product subspace &, generates
an orthonormal basis for S. The infinite dimensional projection theorem can provide simple and

intuitive proofs and interpretations of limiting arguments and the approximations suggested by those
limits.

Vector subspaces

A subspace of a vector space V is a subset S of V that forms a vector space in its own right.

Equivalent Forall 4,v € V,atu+ vt € S

The notion of linear combination (which is at the heart of both the use and theory of vector spaces) depends on what the scalars are.
So R"™ is not a subspace of C™ real L2 is not a subspace of complex L2, ,

A subspace of an inner product space (using the same inner product) is an inner product space.
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Finite-dimensional Projections ¢

Assume ¥ is an inner product space, A vector ¢ € V is normalized if ||¢|| = 1.
The projection v)4 = (v, @)@ for [[¢] = 1.

An orthonormal set {@;} is a set such that {¢;, dr) = d;n.

If {v;} is orthogonal set, then {¢;} is an orthonormal set where ¢; = v;/||v;]|.

Public

Projection theorem

Assume that {¢1,. .., @, }is an orthonormal basis for an n-dimensional subspace & V. Foreachv € V| there is a unique
Vs € S such that (v — vg,8) = Oforall s € S Furthermore,

v =Y (0, 0;)¢;

7

Proof outline: Let Vg = Zi a;¢;. Find the conditions on @y, . . . , @, such that v — Us is orthogonal to each ;.
0=(v—) aity,$;) = (v,4;) — @
i
Forv e §,v = }_; a;@;, ¢;orthonormal basis of S,

ol = (0, e =Y asin,d) = |ayf?
j J
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Bessel's inequality
Let S € V be the subspace spanned by the set of orthonormal vectors ¢q,...,¢, Foranyve V

n
2 2
0< 3 (v, 67 < o
3=1
Is the key to understanding the convergence of crthonormal expansions.

LS error property

Vs is the choice for s that yields the Least Square Error(LS) or Minimum Square Error(MSE).
The projection Us is the unique closest vectorin Stowv; ie. foralls € 8,

lv—vs|® < flv—s|?

The individual basis functions themselves have a trivial vector representation; namely ¢, (t) IS represented by
¢, =[00,...,1,..., D]T In effect, &;,, = (T;¢) is the projection of the ith modulated waveform on the nt* basis function.
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Gram-Schmidt orthonormalization

Given basis sy, ..., 8, for an inner product subspace, find an orthonormal basis.
P1 = sl/||51 ” is an orthonormal basis for subspace &; generated by s;.
Given orthonormal basis ¢, . . ., ¢ of subspace §;, generated by s4, ..., sg, project s;.; onto S..

(Sk-l-l )J_SJ_-

P = Toern) s, ]

The Gram-Schmidt algorithm gives a simple construction of the g's from the a’s in factorization of A = QR
(orthonormal columns times upper triangular).
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Orthonormal expansions in L2
For L2, the projection theorem can be extended to a countably infinite dimension.

Infinite-dimensional projection
Let {(ﬁm, 1<m< oo} be a set of orthonormal functions, and let v be any L? vector. Then there is a unigue L2 vector u such that
v — u is orthogonal to each ¢,,, and

n
:P—{Eo ||u == mZ=:1<U’ ¢m}¢"m” =
Outline of proof: Let §,, be subspace spanned by ¢y, . . . ; @y-

vs, = oxde = Y _(v,dp)x
P k

=1

m
lvs, —vs, 7= lex* =0
k=n

vis, forms a Cauchy sequence. By the Riesz-Fischer theorem(L? waveforms has an L2 limit), [. 1. m. vg, = u exists.
This shows that the fourier series converges in L2.
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